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We construct an iterative algorithm for the solution of forward scattering problems in two
dimensions. The scheme is based on the combination of high-order quadrature formulae,
fast application of integral operators in Lippmann—Schwinger equations, and the stabilized
bi-conjugate gradient method (BI-CGSTAB). While the FFT-based fast application of integral
operators and the BI-CGSTAB for the solution of linear systems are fairly standard, a large
part of this paper is devoted to constructing a class of high-order quadrature formulae
applicable to a wide range of singular functions in two and three dimensions; these are
used to obtain rapidly convergent discretizations of Lippmann—Schwinger equations.
The performance of the algorithm is illustrated with several numerical examples.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

Forward scattering has been a remarkably active subject of research for the past several decades (see e.g. [2,3]). The most
straightforward method for the solution of a forward scattering problem is to discretize the underlying PDEs directly, replace
the derivatives with finite differences, and solve numerically the resulting system of linear-algebraic equations. However,
discretization of differential equations leads to matrices with high condition-numbers, with the attendant loss of accuracy,
deterioration in the performance of iterative methods, etc. Another approach is to convert the underlying PDEs into integral
equations of the second kind (such as the Lippmann—Schwinger equation), discretize the latter via appropriate quadrature
formulae, and deal numerically with the resulting linear systems. This paper focuses on the problem of discretization; we
construct a class of high-order quadrature formulae applicable to the Lippmann—Schwinger equation in two dimensions.
Our techniques generalize straightforwardly to three dimensions.

1.1. Statement of the problem

The forward scattering problem is the problem of determining the field scattered from a scattering structure, given the
parameters of an incident field. In this section, we formulate the two-dimensional forward scattering problem for the Helm-
holtz equation, and derive the corresponding Lippmann—Schwinger equation.
. All rights reserved.
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The forward scattering problem we investigate arises from the time—domain wave equation
@2

@2t
wðx; tÞ ¼ c2ðxÞ � r2wðx; tÞ; ð1Þ
where wðx; tÞ is the value of the scalar field at a point x at time t, and cðxÞ is the local speed of wave propagation at a point x. In
order to solve (1), we start with the ansatz
wðx; tÞ ¼ wkðxÞeikc0t ; ð2Þ
where k is a complex number whose imaginary part is non-negative, and c0 is the speed of wave propagation outside of the
scattering structure. Substituting (2) into (1), we obtain
ðr2 þ k2ÞwkðxÞ ¼ k2VðxÞwkðxÞ; ð3Þ
where
VðxÞ ¼ 1� c0

cðxÞ

� �2

: ð4Þ
Eq. (3) is the well-known Helmholtz equation, and the operator ðr2 þ k2Þ is known as the Helmholtz operator. For any point
x outside the scattering object, cðxÞ ¼ c0; therefore, VðxÞ ¼ 0 outside the scattering object. We represent the field wkðxÞ at a
point x as a sum of two parts: the incident field win

k ðxÞ and the scattered field wscat
k ðxÞ, i.e.,
wkðxÞ ¼ win
k ðxÞ þ wscat

k ðxÞ: ð5Þ
The incident field satisfies the homogeneous Helmholtz equation
ðr2 þ k2Þwin
k ðxÞ ¼ 0 ð6Þ
in some open region in R2 containing the scatterer; the scattered field satisfies the Sommerfeld radiation condition
lim
jxj!1

ffiffiffiffiffi
jxj

p @wscat
k ðxÞ
@jxj � ikwscat

k ðxÞ
� �

¼ 0; ð7Þ
where i ¼
ffiffiffiffiffiffiffi
�1
p

is the imaginary unit. Combining Eqs. (3), (5), and (6), we obtain the equation for the scattered field
ðr2 þ k2Þwscat
k ðxÞ � k2VðxÞwscat

k ðxÞ ¼ k2VðxÞwin
k ðxÞ: ð8Þ
In this paper, we view Eq. (8) with wscat
k satisfying the Sommerfeld condition (7) as the principal formulation of the forward

scattering problem. The following standard approach to the numerical solution of (8) converts (8) into the well-known Lipp-
mann—Schwinger equation, which is an integral equation of the second kind (see, for example, [4]):

Convolving (8) with a Green’s function Gk satisfying
ðr2 þ k2ÞGkðx; yÞ ¼ dðx� yÞ; ð9Þ
where d is the Dirac delta function, we obtain
wscat
k ðxÞ � k2

Z
D

Gkðx; yÞVðyÞwscat
k ðyÞdy ¼ k2

Z
D

Gkðx; yÞVðyÞwin
k ðyÞdy; ð10Þ
which is an integral equation of the second kind; in (10) above, D denotes the region in space where the scatterer is located.
As is well-known, in two dimensions, the Green’s function Gkðx; yÞ satisfying the condition (7) is
Gkðx; yÞ ¼ �
i
4

H0ðkkx� ykÞ; ð11Þ
where H0ðkkx� ykÞ is the Hankel function of the first kind of order zero, and kx� yk is the Euclidean norm of x� y. A large
part of this paper is devoted to the construction of accurate discretizations of the operator L : L2ðDÞ ! L2ðDÞ defined by the
formula
LðwÞðxÞ ¼
Z

D
Gkðx; yÞVðyÞwðyÞdy: ð12Þ
1.2. Overview

A number of algorithms exist for the modeling of acoustic scattering; since we are interested in frequency-domain results,
we have concentrated on frequency-domain (as opposed to time—domain) models. The usual approach to such problems is
to convert the scattering problem into a Lippmann—Schwinger equation, and solve the latter iteratively (integral equations
of the second kind are much more amenable to iterative techniques than the straightforward discretizations of the under-
lying partial differential equations (PDEs)). In addition, the use of the Lippmann—Schwinger equation obviates the need to
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impose the radiation (Sommerfeld) condition at the boundary of the grid, since the ‘‘background” Green’s function (11) im-
poses the Sommerfeld condition automatically.

Historically, there have been two problems associated with the numerical use of integral equations in scattering calcu-
lations. First, the kernels of Lippmann—Schwinger equations are dense, except when the background is extremely attenuat-
ing; since iterative techniques require applications of the matrices of the discretized integral operator to a sequence of
recursively generated vectors, the cost of the procedure is prohibitive, except for extremely small-scale problems. This dif-
ficulty was overcome almost 40 years ago via the observation that the free-space Green’s function for the Helmholtz equa-
tion is translation invariant; appropriately chosen discretizations of Lippmann—Schwinger equations result in Toeplitz
matrices, and the latter can be rapidly applied to arbitrary vectors via the fast Fourier transform (FFT), resulting in algorithms
with CPU time requirements proportional to N logðNÞ, with N being the number of nodes in the discretization of the problem.
Various forms of this approach have been widely used in electrical engineering and other fields, under the name ‘‘k-space”
methods; some of the existing codes are quite fast, even for discretizations involving hundreds of millions of nodes. How-
ever, the resulting solvers for the underlying PDEs are usually not very accurate, due to the problem discussed in the follow-
ing paragraph.

The second difficulty associated with numerical use of Lippmann—Schwinger equations is the singular character of the
Green’s function for the Helmholtz equation; in two dimensions, the principal term of the singularity is of the form
logðrÞ, and in three dimensions, it is of the form 1=r, where r is the distance to the origin. As a result, kernels of
Lippmann—Schwinger equations are singular; the singularities are located on the diagonal, and in two dimensions are of
the form
Kðx; yÞ ¼ logðjx� yjÞ þ Pðx; yÞ � logðjx� yjÞ þ Qðx; yÞ ð13Þ
with P; Q being two smooth functions, such that Pðx; xÞ ¼ 0 for all x 2 R2; the corresponding form in three dimensions is
Kðx; yÞ ¼ 1
jx� yj þ Pðx; yÞ � 1

jx� yj þ Qðx; yÞ: ð14Þ
Importantly, we usually do not have access to each of the functions P; Q separately, but can only evaluate the whole kernel K
given a pair of points ðx; yÞ. Therefore, standard integration techniques (such as product integration, etc.) can not be used
efficiently. The standard procedure in the literature (referred to as ‘‘singularity extraction”) is to subtract the principal sin-
gularity and treat it analytically, and apply the trapezoidal quadrature rule to the remaining function. Since the latter is not
smooth (having infinite derivatives when x ¼ y), the procedure converges slowly, normally behaving like a second-order
scheme.

We introduce a class of quadrature formulae for functions of the form (13) in two dimensions; similar techniques would
yield quadrature formulae for functions of the form (14) in three dimensions. Our approach is related to Ewald summation
[5], and leads to quadratures that can be viewed as a version of the corrected trapezoidal rule; the approach is easily com-
bined with the FFT to obtain fast algorithms. Our quadratures can be viewed as a special case of those constructed in [11],
and are extensions of those in [6]. While in principle corrections of arbitrarily high-order could be constructed, in practice
both the complexity of the construction and the number of corrections grow rapidly with the order. We have designed
corrections of orders approximately 4, 6, 8, and 10; they require 1, 5, 13, and 25 corrected nodes, respectively. (We say
‘‘approximately” since we prove that the quadrature errors are Oððlogð1=hÞÞ2h4Þ, Oððlogð1=hÞÞ2h6Þ, Oððlogð1=hÞÞ2h8Þ, and
Oððlogð1=hÞÞ2h10Þ as the discretization step length h approaches zero.)

This paper is organized as follows. In Section 2, we summarize several well-known mathematical facts to be used in the
paper. In Section 3, we introduce analytical tools to be used in the construction of the algorithm. Section 4 describes the algo-
rithm in detail, and contains a complexity analysis. In Section 5, several numerical examples are used to illustrate the per-
formance of the algorithm. Finally, Section 6 contains generalizations and conclusions.

2. Analytical preliminaries

In this section, we summarize several well-known mathematical facts to be used in the sections below. All of these are
either well-known or easily derived from well-known results.

2.1. Notation

We denote the upper half of the complex plane (not including the real line) by Cþ, that is,
Cþ ¼ fz 2 C : Imz > 0g: ð15Þ
For any non-negative integer k and subset D of the two-dimensional plane R2, we write / 2 CkðDÞ to mean that / is a function
on D having continuous derivatives of all orders6 k at every point in the interior of D. (The order of a two-dimensional deriv-
ative is the sum of the orders of the constituent partial derivatives.)

For any integer N P 1, the two-dimensional discrete Fourier transform FN is a mapping converting a two-dimensional
complex sequence a ¼ faj1j2g; j1; j2 ¼ �N; . . . ;N; into another two-dimensional complex sequence A ¼ fAk1k2g, k1; k2 ¼
�N; . . . ;N; defined by the formula
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Ak1k2
¼
XN

j1¼�N

XN

j2¼�N

aj1j2 e�
2pi
ð2Nþ1Þk1j1 e�

2pi
ð2Nþ1Þk2 j2 : ð16Þ
It is easily verified that the inverse ðFNÞ�1 of the mapping FN is given by the formula
ðFNÞ�1ðAÞj1 j2
¼ aj1 j2 ¼

1

ð2N þ 1Þ2
XN

k1¼�N

XN

k2¼�N

Ak1k2
e

2pi
ð2Nþ1Þk1j1 e

2pi
ð2Nþ1Þk2j2 ; ð17Þ
with j1 ¼ �N; . . . ;N, j2 ¼ �N; . . . ;N.
For the Helmholtz equation
r2/þ k2/ ¼ 0 ð18Þ
in two dimensions, where k is a complex number such that ImðkÞP 0, the potential / at a point x produced by a unit point
source at x0 is given by the formula
/ðxÞ ¼ � i
4

H0ðkkx� x0kÞ; ð19Þ
where H0 is the Hankel function of the first kind of order zero, and kx� x0k is the Euclidean norm of x� x0. The well-known
Sommerfeld formula states that
H0ðkrÞ ¼ 1
p
�
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei
ffiffiffiffiffiffiffiffiffi
k2�k2
p

x � eikydk ð20Þ
for any k 2 Cþ, r; x; y P 0, and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
(see, for example, [9]).

Finally, we will need the elementary identity
Xn

j¼0

fjgj ¼ fn

Xn

k¼0

gk �
Xn�1

j¼0

ðfjþ1 � fjÞ �
Xj

k¼0

gk

 !
; ð21Þ
valid for two arbitrary finite sequences ffjg; j ¼ 0;1;2; . . . ;n, fgjg; j ¼ 0;1;2; . . . ;n. By analogy with integration by parts, (21)
is normally called summation by parts.

2.2. Toeplitz convolution

This section introduces two-dimensional Toeplitz convolutions and a procedure for the calculation of two-dimensional
Toeplitz convolutions via the two-dimensional discrete Fourier transform.

The Toeplitz convolution a � b of finite two-dimensional complex sequences a ¼ faj1 j2g; j1; j2 ¼ �N; . . . ;N; and
b ¼ fbj1j2g; j1; j2 ¼ �2N; . . . ;2N; is defined by the formula
ða � bÞk1k2
¼
XN

j1¼�N

XN

j2¼�N

aj1j2 bk1�j1 ;k2�j2 ; ð22Þ
where k1; k2 ¼ �N; . . . ;N. The well-known convolution theorem states that the Toeplitz convolution a � b is equal to the in-
verse Fourier transform of the product of the Fourier transforms of a0 and b, where a0 is the two-dimensional sequence ob-
tained by padding the two-dimensional sequence a with zeros. In other words,
ða � bÞk1k2
¼ ðF2NÞ�1ðF2Nða0Þ �F2NðbÞÞk1k2

; ð23Þ
where k1; k2 ¼ �N; . . . ;N, and the coefficients of the two-dimensional complex sequence a0 ¼ fa0i1 i2
g; i1; i2 ¼ �2N; . . . ;2N are

defined by the formulae
a0i1 i2
¼ ai1 i2 ð24Þ
when �N 6 i1; i2 6 N, and
a0i1 i2
¼ 0 ð25Þ
otherwise.

Remark 2.1. While direct calculation of the Toeplitz convolution (22) leads to a cost of order OðN4Þ floating-point
operations, which is prohibitive for large-scale problems, application of the FFT to the formula (23) reduces the cost to
OðN2 � log NÞ (see, for example, [1]). In this paper, the FFT is used for the fast calculation of Toeplitz convolutions.
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2.3. Classical quadratures

This section summarizes basic facts about multidimensional quadratures.
Suppose that q is a non-negative integer, a and h are positive real numbers, and f : ½�a; a� � ½�a; a� ! R. We define the

boundary-corrected trapezoidal quadrature Th
a;qðf Þ by the formula
Th
a;qðf Þ ¼

X
ði;jÞ2M

f ðih; jhÞ � h2 þ Ch
a;qðf Þ; ð26Þ
where
M ¼ fi; j 2 Z : ði; jÞ – ð0;0Þ;�a 6 ih 6 a; and � a 6 jh 6 ag ð27Þ
and Ch
a;qðf Þ is the linear combination of values of f and its derivatives of orders6 q on the perimeter of the square ½�a; a� � ½�a; a�

that appears in the two-dimensional Euler—Maclaurin formula (see, for example, Theorem 2.6 of [7]). (The order of a derivative
of a two-dimensional function is the sum of the orders of its constituent partial derivatives.) We will not need to know the
particular values of the coefficients in the linear combination Ch

a;qðf Þ, but only that they involve only positive powers of h,
do not depend on f, and are symmetric about the origin (that is, they do not change when reflected through the origin).

The following lemma is a reformulation of Theorem 2.6 of [7]. The lemma provides a bound on the accuracy of a two-
dimensional Euler—Maclaurin quadrature.

Lemma 2.1. Suppose that q and r are positive integers, a is a positive real number, and f 2 Crð½�a; a� � ½�a; a�Þ.
Then, the quadrature Th

a;q defined in (26) satisfies
Z a

�a

Z a

�a
f ðx; yÞdxdy� Th

a;qðf Þ � h2f ð0;0Þ
����

���� ¼ Oðmaxfhr
;hqþ3gÞ ð28Þ
for all positive real numbers h < a.

The following lemma is a reformulation of Theorem 6.14 of [7].

Lemma 2.2. Suppose that l and q are positive integers, a is a positive real number, and u : R2 ! R is real-analytic and depends
only on the angular variable in polar coordinates, that is, uðcx; cyÞ ¼ uðx; yÞ for any real numbers c, x, and y such that c > 0.

Then, the quadrature Th
a;q defined in (26) satisfies
Z a

�a

Z a

�a
ðx2 þ y2Þl=2uðx; yÞ logðx2 þ y2Þdxdy� Th

a;qððx2 þ y2Þl=2uðx; yÞ logðx2 þ y2ÞÞ
����

����
¼ Oðmaxfðlogð1=hÞÞ2hlþ2

;hqþ3gÞ ð29Þ
for all positive real numbers h < a.
3. Mathematical apparatus

In this section, we introduce analytical tools to be used in the construction of the algorithms.

3.1. High-order center-corrected trapezoidal quadrature rules for singular functions in two dimensions

For any non-negative integer p and positive real number a, Theorem 3.2 below supplies an approximately ð2pþ 4Þth-or-
der center-corrected quadrature formula on ½�a; a� � ½�a; a� for the functions of the form
f ðx; yÞ ¼ /ðx; yÞ � sðx; yÞ; ð30Þ
where / : ½�a; a� � ½�a; a� ! R, and
sðx; yÞ ¼ cðx; yÞ � logðx2 þ y2Þ þ dðx; yÞ ð31Þ
with c; d being smooth real-valued functions. To prove Theorem 3.2, we will need the following lemma. This lemma bounds
the accuracy of the quadrature defined in (26) when applied to functions of the form xkyl�ksðx; yÞ, where k and l are integers
with k 6 l and l > 0.

Lemma 3.1. Suppose that k, l, and p are non-negative integers with k 6 l and l > 0. Suppose further that a > 0 is a real number,
and s is a function on ½�a; a� � ½�a; a� with a possible logarithmic singularity at ð0;0Þ, i.e., of the form (31), with c and d in (31)
being lþ 4 times continuously differentiable.

Then,
Z a

�a

Z a

�a
xkyl�ksðx; yÞdxdy� Th

a;2pþ1ðxkyl�ksÞ
����

���� ¼ Oðmaxfðlogð1=hÞÞ2hlþ2
;h2pþ4gÞ ð32Þ
for all positive real numbers h < a, where Th
a;2pþ1 is defined in (26).
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Proof. The two-dimensional Euler—Maclaurin formula (28) allows us to assume without loss of generality that cð0;0Þ–0 and
sðx; yÞ ¼ cðx; yÞ � logðx2 þ y2Þ ð33Þ
in place of (31).
Using the Taylor expansion of c at the point (0,0), we obtain
cðx; yÞ ¼ Pðx; yÞ þ Rðx; yÞ; ð34Þ
where
Pðx; yÞ ¼
Xlþ3

j¼0

Xj

i¼0

1
j!

j

i

� �
xiyj�i @j

@xi@yj�i
cð0; 0Þ; ð35Þ

Rðx; yÞ ¼ 1
ðlþ 4Þ!

Xlþ4

i¼0

lþ 4
i

� �
xiylþ4�i @ lþ4

@xi@ylþ4�i
cðn1ðx; yÞ; n2ðx; yÞÞ ð36Þ
with ðn1ðx; yÞ; n2ðx; yÞÞ 2 ½�a; a� � ½�a; a�, and
@iþj

@xi@yj
Rð0;0Þ ¼ 0 ð37Þ
for all non-negative integers i and j such that iþ j 6 lþ 3.
To simplify notation, we define k : R2 ! R via the formula
kðx; yÞ ¼ logðx2 þ y2Þ: ð38Þ
It follows from (34) that
Z a

�a

Z a

�a
ðxkyl�kcðx; yÞkðx; yÞÞdxdy� Th

a;2pþ1ðxkyl�kckÞ
����

���� 6
Z a

�a

Z a

�a
ðxkyl�kPðx; yÞkðx; yÞÞdxdy� Th

a;2pþ1ðxkyl�kPkÞ
����

����
þ
Z a

�a

Z a

�a
ðxkyl�kRðx; yÞkðx; yÞÞdxdy� Th

a;2pþ1ðxkyl�kRkÞ
����

����: ð39Þ
Combining (37) and the fact that R 2 Clþ3ð½�a; a� � ½�a; a�Þ yields that R � k 2 Clþ2ð½�a; a� � ½�a; a�Þ. Combining the two-dimen-
sional Euler—Maclaurin formula (28) and the fact that xkyl�kR � k 2 Clþ2ð½�a; a� � ½�a; a�Þ yields
Z a

�a

Z a

�a
ðxkyl�kRðx; yÞ � kðx; yÞÞdxdy� Th

a;2pþ1ðxkyl�kR � kÞ
����

���� ¼ Oðmaxfhlþ2
; h2pþ4gÞ: ð40Þ
Formula (40) provides a bound on the second term in the right-hand side of (39).
To bound the first term in the right-hand side of (39), we use polar coordinates ðr; hÞ, observing that
xkyl�kxiyj�i ¼ rjþl cosiþkðhÞ sinjþl�i�kðhÞ ¼ rjþluðhÞ; ð41Þ
where uðhÞ ¼ cosiþkðhÞ sinjþl�i�kðhÞ. Combining (29) and (41) yields
Z a

�a

Z a

�a
ðxkyl�kxiyj�ikðx; yÞÞdxdy� Th

a;2pþ1ðxkyl�kxiyj�ikÞ
����

���� ¼ Oðmaxfðlogð1=hÞÞ2hjþlþ2
;h2pþ4gÞ: ð42Þ
Combining (33)—(42) yields (32). h

Theorem 3.2. Suppose that p is a non-negative integer, a is a positive real number, / : ½�a; a� � ½�a; a� ! R with
/ 2 C2pþ6ð½�a; a� � ½�a; a�Þ, and s is a function on ½�a; a� � ½�a; a� with a possible logarithmic singularity at ð0;0Þ, i.e., of the form
(31), with c and d in (31) being 2pþ 9 times continuously differentiable. Suppose in addition that sðx; yÞ ¼ sðy; xÞ and
sð�x;�yÞ ¼ sðx; yÞ for any x and y from ½�a; a�, and
Uh
a;p;sð/ � sÞ ¼ Th

a;2pþ1ð/ � sÞ þ
X
ði;jÞ2W

sh
ij/ðih; jhÞ ð43Þ
for any positive real number h < a=p, where Th
a;2pþ1ð/ � sÞ is defined in (26),
W ¼ fi; j 2 Z : jiþ jj 6 pandji� jj 6 pg; ð44Þ
and the coefficients sh
ij in (43) satisfy the system of linear equations
X
ði;jÞ2W

xi0�1
i yj0�1

j sh
ij ¼

Z a

�a

Z a

�a
ðxi0�1yj0�1 � sðx; yÞÞdxdy� Th

a;2pþ1ðxi0�1yj0�1 � sÞ ð45Þ
with xi ¼ ih, yj ¼ jh, and ði0; j0Þ 2 H, where H ¼ fi0; j0;2 Z : i0 P 1; j0 P 1; i0 þ j0 6 2pþ 2g, and sh
ij ¼ sh

ji and sh
�i;�j ¼ sh

i;j for all
ði; jÞ 2W.
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Then,
Z a

�a

Z a

�a
/ðx; yÞ � sðx; yÞdxdy� Uh

a;p;sð/ � sÞ
����

���� ¼ Oððlogð1=hÞÞ2h2pþ4Þ ð46Þ
for all positive real numbers h < a=p.

Proof. Using the Taylor expansion of / at the point ð0;0Þ, we obtain
/ðx; yÞ ¼ Pðx; yÞ þ Qðx; yÞ þ Rðx; yÞ; ð47Þ
where
Pðx; yÞ ¼
X2pþ1

j¼0

Xj

i¼0

1
j!

j

i

� �
xiyj�i @j

@xi@yj�i
/ð0; 0Þ; ð48Þ

Qðx; yÞ ¼
X2pþ5

j¼2pþ2

Xj

i¼0

1
j!

j

i

� �
xiyj�i @j

@xi@yj�i
/ð0; 0Þ; ð49Þ

Rðx; yÞ ¼ 1
ð2pþ 6Þ!

X2pþ6

i¼0

2pþ 6
i

� �
xiy2pþ6�i @2pþ6

@xi@y2pþ6�i
/ðn1ðx; yÞ; n2ðx; yÞÞ; ð50Þ
with ðn1ðx; yÞ; n2ðx; yÞÞ 2 R2, and
@ iþj

@xi@yj
Rð0;0Þ ¼ 0 ð51Þ
for all non-negative integers i and j such that iþ j 6 2pþ 5.
It follows from (47) that
Z a

�a

Z a

�a
ð/ðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sð/ � sÞ
����

���� 6
Z a

�a

Z a

�a
ðPðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðP � sÞ
����

����
þ
Z a

�a

Z a

�a
ðQðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðQ � sÞ
����

����
þ
Z a

�a

Z a

�a
ðRðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðR � sÞ
����

����: ð52Þ
First, we derive a bound on the first term in the right-hand side of (52). It follows from the supposition that sð�x;�yÞ ¼ sðx; yÞ
for any x and y from ½�a; a� that xiy2pþ1�isðx; yÞ changes sign when reflected through the origin for i ¼ 1;2; . . . ;2pþ 1, while
(by assumption) sh

�i;�j ¼ sh
i;j for all ði; jÞ 2W . Therefore,
Z a

�a

Z a

�a
ðxiy2pþ1�i � sðx; yÞÞdxdy ¼ 0 ¼ Uh

a;p;sðxiy2pþ1�i � sÞ ð53Þ
for i ¼ 1;2; . . . ;2pþ 1. Combining (48), (45), and (53) yields
Z a

�a

Z a

�a
ðPðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðP � sÞ ¼ 0: ð54Þ
Next, we derive bounds on the second and third terms in the right-hand side of (52). It follows from (43) that
Z a

�a

Z a

�a
ðQðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðQ � sÞ
����

���� 6
Z a

�a

Z a

�a
ðQðx; yÞ � sðx; yÞÞdxdy� Th

a;2pþ1ðQ � sÞ
����

����þ X
ði;jÞ2W

sh
ijQðih; jhÞ

�����
����� ð55Þ
and
 Z a

�a

Z a

�a
ðRðx; yÞ � sðx; yÞÞdxdy� Uh

a;p;sðR � sÞ
����

���� 6
Z a

�a

Z a

�a
ðRðx; yÞ � sðx; yÞÞdxdy� Th

a;2pþ1ðR � sÞ
����

����þ X
ði;jÞ2W

sh
ijRðih; jhÞ

�����
�����: ð56Þ
It follows from (32) that
Z a

�a

Z a

�a
ðxiyj�i � sðx; yÞÞdxdy� Th

a;2pþ1ðxiyj�i � sÞ
����

���� ¼ Oðmaxfðlogð1=hÞ2Þhjþ2
; h2pþ4gÞ; ð57Þ
whence
Z a

�a

Z a

�a
ðxiyj�i � sðx; yÞÞdxdy� Th

a;2pþ1ðxiyj�i � sÞ
����

���� ¼ Oððlogð1=hÞÞ2h2pþ4Þ ð58Þ
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for any integer j P 2pþ 2 such that j 6 2pþ 5, with i ¼ 0;1; . . . ; j. Combining (49) and (58) yields
Z a

�a

Z a

�a
ðQðx; yÞ � sðx; yÞÞdxdy� Th

a;2pþ1ðQ � sÞ
����

���� ¼ Oððlogð1=hÞÞ2h2pþ4Þ: ð59Þ
Due to formulae (32) and (45), the coefficients sh
ij are no greater than a constant times ðlogð1=hÞÞ2h2; combining this fact with

(49) yields
X
ði;jÞ2W

sh
ijQðih; jhÞ

�����
����� ¼ Oððlogð1=hÞÞ2h2pþ4Þ: ð60Þ
Combining (51) and the fact that R 2 C2pþ5ð½�a; a� � ½�a; a�Þ yields that R � s 2 C2pþ4ð½�a; a� � ½�a; a�Þ. Combining the two-
dimensional Euler—Maclaurin formula (28) and the fact that R � s 2 C2pþ4ð½�a; a� � ½�a; a�Þ yields
Z a

�a

Z a

�a
ðRðx; yÞ � sðx; yÞÞdxdy� Th

a;2pþ1ðR � sÞ
����

���� ¼ Oðh2pþ4Þ: ð61Þ
As mentioned above, the coefficients sh
ij are no greater than a constant times ðlogð1=hÞÞ2h2 (due to formulae (32) and (45));

combining this fact with (50) yields
X
ði;jÞ2W

sh
ijRðih; jhÞ

�����
����� ¼ Oððlogð1=hÞÞ2h2pþ8Þ: ð62Þ
Finally, combining (52)—(62) yields (46). �

Remark 3.1. The suppositions of the theorem that sðx; yÞ ¼ sðy; xÞ for any x and y from ½�a; a�, and that sh
ij ¼ sh

ji for any
ði; jÞ 2W , ensure that the number of independent constraints is at most the number of independent variables in the system
of linear Eq. (45), guaranteeing that the system has a solution.
3.2. High-order center-corrected trapezoidal quadratures for the green’s function of the helmholtz equation

The main point of this section is Theorem 3.7, which is the principal analytical tool of this paper. Theorem 3.7 describes an
approximately 10th-order center-corrected trapezoidal quadrature formula for the Hankel function. It can be viewed as a
special case of Theorem 3.2 with p ¼ 3 and sðx; yÞ ¼ H0ðk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
Þ, where H0 is the Hankel function of the first kind of order

0, and k 2 Cþ.
In the remainder of this paper, we will be using the following notation. For any k 2 Cþ and h > 0, we will define the com-

plex numbers D0, D1, D2, D3, D4, D5, via the formulae
D0 ¼
Z 1

�1

Z 1

�1
H0ðkrÞdxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2

; ð63Þ

D1 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ2 � h2

; ð64Þ

D2 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx4dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ4 � h2

; ð65Þ

D3 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx2y2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ2ðqhÞ2 � h2

; ð66Þ

D4 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx6dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ6 � h2

; ð67Þ

D5 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx4y2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ4ðqhÞ2 � h2

: ð68Þ
The following lemma is a simple consequence of the Sommerfeld formula (20).

Lemma 3.3. For any k 2 Cþ, r; x; y P 0, and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
,

H0ðkrÞ ¼ 1
p
�
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei�
ffiffi
2
p

2 �ð
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�kÞ�x � ei�
ffiffi
2
p

2 �ð
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þkÞ�ydk; ð69Þ
where r2 ¼ x2 þ y2, x; y P 0.
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The following two technical lemmas follow immediately from (69).

Lemma 3.4. For any k 2 Cþ, and a P 0,
Z a

�a

Z a

�a
H0ðkrÞdxdy ¼ 4

p �
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a � 1

i �
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p
� k

� 	 � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a � 1

i �
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p
þ k

� 	 dk ð70Þ
with r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
.

Proof. Substituting (69) into the left-hand side of (70), and changing the order of integration, we obtain
Z a

�a

Z a

�a
H0ðkrÞdxdy ¼ 4

Z a

0

Z a

0
H0ðkrÞdxdy ¼ 4

p
�
Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p �
Z a

0
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�xdx �
Z a

0
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�ydy

¼ 4
p
�
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a � 1

i �
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p
� k

� 	 � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a � 1

i �
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p
þ k

� 	 dk: � ð71Þ
Lemma 3.5. For any k 2 Cþ, integer n P 1, and a > 0,
Xn

p¼�n

Xn

q¼�n

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2 � bpq ð72Þ

¼ 4
p

Z 1

�1

h2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a � 1

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�h � 1
� 1

2
� 1

2
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a

0
@

1
A

� ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a � 1

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�h � 1
� 1

2
� 1

2
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a

0
@

1
Adk ð73Þ
with
h ¼ a=n; ð74Þ
and bpq equals 1 in the interior of the ð2nþ 1Þ � ð2nþ 1Þ square, equals 1
2 in the interior of an edge, and equals 1

4 on the corners of
the square.

Proof. The trapezoidal sum (72) over the domain ½�a; a� � ½�a; a� is equal to four times the trapezoidal sum over the domain
½0; a� � ½0; a�. In other words,
Xn

p¼�n

Xn

q¼�n

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2 � bpq ¼ 4 �

Xn

p¼0

Xn

q¼0

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2 � b0pq; ð75Þ
where b0pq equals 1 in the interior of the ðnþ 1Þ � ðnþ 1Þ square, equals 1
2 in the interior of an edge, and equals 1

4 on the cor-
ners of the square. Substituting (69) into (75), and exchanging the order of integration and summation, we obtain
Xn

p¼�n

Xn

q¼�n

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2 � bpq ð76Þ

¼ 4
p

Z 1

�1

h2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p �
Xn

p¼0

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�p�h � 1þ ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a

2

0
@

1
A

�
Xn

q¼0

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�q�h � 1þ ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a

2

0
@

1
Adk ð77Þ

¼ 4
p

Z 1

�1

h2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a � 1

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�h � 1
� 1

2
� 1

2
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a

0
@

1
A

� ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a � 1

ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�h � 1
� 1

2
� 1

2
ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

þk
� �

�a

0
@

1
Adk: � ð78Þ
Remark 3.2. As a!1, the exponential terms ei�
ffiffi
2
p

2 �
ffiffiffiffiffiffiffiffiffi
k2�k2
p

�k
� �

�a in (70) and (73) tend to zero; this fact will be used in Lemma
3.6 below.
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The following lemma supplies an analytical form for the difference
Z 1

�1

Z 1

�1
xi�1yj�1H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
dxdy�

X
ðp;qÞ–ð0;0Þ

ðphÞi�1ðqhÞj�1H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �� �
� h2 ð79Þ
with i ¼ 1, j ¼ 1, k 2 Cþ.

Remark 3.3. (79) is the right-hand side of (45) in the limit as a!1 (after all, the integrand in (79) decays exponentially at
infinity with k 2 Cþ), and thus is directly used in the calculation of coefficients sh

ij. Direct numerical subtraction of the
integral and the sum in (79) loses accuracy because of cancellation errors, especially when i; j are relatively large. Lemma 3.6
below and Lemmas 6.1—6.5 in Appendix A provide analytical formulae for (79) with ði; jÞ ¼ fð1;1Þ; ð3;1Þ; ð5;1Þ; ð3;3Þ;
ð7;1Þ; ð5;3Þg, i.e., for D0—D5 defined by (63)—(68), so that cancellation errors are reduced.

Lemma 3.6. For any k 2 Cþ and h > 0,
D0 ¼
Z 1

�1

Z 1

�1
H0ðkrÞdxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 1
ðia1Þðia2Þ

� h2

2
� eia1h þ eia2h

ðeia1h � 1Þðeia2h � 1Þ

 !
ð80Þ

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p �
k2

4 � k2

24

� 	
h2 þ z1 þ z2 þ i

ffiffi
1
2

q
khðy1 � y2Þ þ y1y2

ðia1Þðia2Þð1þ x1Þð1þ x2Þ
; ð81Þ
where the complex numbers x1, x2, y1, y2, z1, z2 are defined by the formulae
x1 ¼
eia1h � 1

ia1h
� 1 ¼

X1
n¼1

ðia1hÞn

ðnþ 1Þ! ; x2 ¼
eia2h � 1

ia2h
� 1 ¼

X1
n¼1

ðia2hÞn

ðnþ 1Þ! ; ð82Þ

y1 ¼ x1 �
ia1h

2
¼
X1
n¼2

ðia1hÞn

ðnþ 1Þ! ; y2 ¼ x2 �
ia2h

2
¼
X1
n¼2

ðia2hÞn

ðnþ 1Þ! ; ð83Þ

z1 ¼ y1 �
ðia1hÞ2

6
¼
X1
n¼3

ðia1hÞn

ðnþ 1Þ! ; z2 ¼ y2 �
ðia2hÞ2

6
¼
X1
n¼3

ðia2hÞn

ðnþ 1Þ! ; ð84Þ
and
r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
; ð85Þ

a1 ¼
ffiffiffi
2
p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

q
� k

� �
; a2 ¼

ffiffiffi
2
p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

q
þ k

� �
: ð86Þ
Proof. Substituting (69) into
X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2

; ð87Þ
and exchanging the order of integration and summation, we obtain
X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2 ¼ 4

p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � h2

4
eia1h þ 1
eia1h � 1

eia2h þ 1
eia2h � 1

� h2

4

 !

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � h
2

2
� eia1h þ eia2h

ðeia1h � 1Þðeia2h � 1Þ : ð88Þ
Now, (80) follows immediately from the combination of (88), (70), and Remark 3.2. Substituting (82) into the expression in
parentheses in (80), we obtain
1
ðia1Þðia2Þ

� h2

2
� eia1h þ eia2h

ðeia1h � 1Þðeia2h � 1Þ ¼
1

ðia1Þðia2Þ
� 1

2
� 2þ ia1hð1þ x1Þ þ ia2hð1þ x2Þ
ðia1Þðia2Þð1þ x1Þð1þ x2Þ

¼
x1 þ x2 þ x1x2 � 1

2 ia1hð1þ x1Þ � 1
2 ia1hð1þ x1Þ

ðia1Þðia2Þð1þ x1Þð1þ x2Þ
: ð89Þ
Finally, (81) follows from the combination of (82), (83), (84) and (89). h



2162 R. Duan, V. Rokhlin / Journal of Computational Physics 228 (2009) 2152—2174
Remark 3.4. Introducing the notation z ¼ k
k in (80), we rewrite D0 in the form
D0 ¼
Z 1

�1

Z 1

�1
H0ðkrÞdxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� h2

¼ 4h2

p
�
Z 1

�1

dzffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p 1

ðz2 � 1
2ÞðkhÞ2

� ei
ffiffi
2
p

2

ffiffiffiffiffiffiffiffi
1�z2
p

�z
� �

kh þ ei
ffiffi
2
p

2

ffiffiffiffiffiffiffiffi
1�z2
p

þz
� �

kh

2ðei
ffiffi
2
p

2

ffiffiffiffiffiffiffiffi
1�z2
p

�z
� �

kh � 1Þðei
ffiffi
2
p

2

ffiffiffiffiffiffiffiffi
1�z2
p

þz
� �

kh � 1Þ

0
@

1
A: ð90Þ
Thus, D0 is entirely determined by k and h, and is of the form h2 times a function of k � h. Similarly, D1 is of the form h4 times a
function of k � h; D2 and D3 are of the form h6 times functions of k � h; D4 and D5 are of the form h8 times functions of k � h. In
other words, except for the multiplicative factors (h2, h4, h6, or h8), D0—D5 depend only on the product k � h. Fig. 4 and Tables
5, 6 in Appendix B provide plots and several representative numerical values of the functions D0

h2 , D1

h4 , D2

h6 , D3

h6 , D4

h8 , D5

h8 for k � h 2 ½0;1�.

Remark 3.5. Even when Lemmas 6.1—6.5 are used, a certain loss of accuracy in the calculation of D1—D5 is encountered (see
Remark 3.3 above). Thus, evaluating D0 in double precision, one obtains roughly 13 digits; for D1 one gets 9 digits, and D2, D3,
D4, D5 yield even fewer digits. In our computations, we utilized extended (complex *32) precision to precompute the coef-
ficients D0—D5 for values of kh at appropriately chosen nodes on the boundary of the square X ¼ ½0;1� � ½0;1� in the complex
plane, and used Lagrange interpolation to evaluate D0—D5 for arbitrary points in X to 13 digits (see [8] for a detailed descrip-
tion of the technique). Thus, in all of our numerical experiments reported in Section 5 below, the coefficients D0—D5 were
obtained by interpolation, rather than computed ‘‘from scratch”.

Now, we are ready to formulate Theorem 3.7, which is the principal analytical tool of this paper (together with Lemmas
6.6—6.8). Theorem 3.7 describes an approximately 10th-order center-corrected quadrature formula for the Green’s function
for the Helmholtz equation in two dimensions; this theorem is a special case of the high-order center-corrected trapezoidal
rule for singular functions in two dimensions (see Theorem 3.2) with p ¼ 3, and sðx; yÞ ¼ H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
. Approximately

fourth-order, sixth-order, and eighth-order center-corrected quadratures are similar and are listed in Appendix C (see Lem-
mas 6.6—6.8). All the proofs are quite similar to that of Theorem 3.2, and are omitted.

Theorem 3.7. Suppose that a is a positive real number, and / : R2 ! C is a function such that / 2 C12ðR� RÞ and / is zero
outside the square ½�a; a� � ½�a; a�.

Then, for any k 2 Cþ,
Z a

�a

Z a

�a
/ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
dxdy� Uh

a;sð/ � H0Þ
����

���� ¼ Oððlogð1=hÞÞ2h10Þ ð91Þ
for all positive real numbers h < a=p.
In (91),
Uh
a;sð/ � H0Þ ¼ Th

að/ � H0Þ þ
X
p;q2S

sh
pq/ðph; qhÞ; ð92Þ
where
S ¼ fp; q 2 Z : jpþ qj 6 3andjp� qj 6 3g; ð93Þ

Th
að/ � H0Þ ¼

X
ðp;qÞ–ð0;0Þ

ð/ðph; qhÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
Þ � h2

; ð94Þ
and
sh
0;0 ¼ D0 �

49
18

D1

h2 þ
7
9

D2

h4 þ
3
2

D3

h4 �
1

18
D4

h6 �
1
2

D5

h6 ; ð95Þ

sh
�1;0 ¼ sh

0;�1 ¼
3
4

D1

h2 �
13
48

D2

h4 �
19
24

D3

h4 þ
1

48
D4

h6 þ
7

24
D5

h6 ; ð96Þ

sh
�2;0 ¼ sh

0;�2 ¼ �
3

40
D1

h2 þ
1

12
D2

h4 þ
1

24
D3

h4 �
1

120
D4

h6 �
1

24
D5

h6 ; ð97Þ

sh
�3;0 ¼ sh

0;�3 ¼
1

180
D1

h2 �
1

144
D2

h4 þ
1

720
D4

h6 ; ð98Þ

sh
�1;�1 ¼

5
12

D3

h4 �
1
6

D5

h6 ; ð99Þ
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sh
�1;�2 ¼ sh

�2;�1 ¼ �
1

48
D3

h4 þ
1

48
D5

h6 ; ð100Þ
where D0—D5 are defined in formulae (63)—(68).

Remark 3.6. For simplicity, we assume here that the function / is zero outside the square ½�a; a� � ½�a; a�. Thus, the integral
and the sum on the square ½�a; a� � ½�a; a� are identical to those in R2. This simplification allows the direct use of the ana-
lytical formulae for D0—D5 (see Lemma 3.6 above and Lemmas 6.1—6.5 in Appendix A).

Remark 3.7. Theorem 3.7 is valid in the limit when k is real-valued, too, as seen in the numerical examples of Section 5.

Remark 3.8. Combining Remark 3.4 with the definitions (95)—(100), we observe that each of the coefficients sh
pq in

(95)—(100) has the form h2 times a function of k � h; we will refer to the coefficients sh
pq as correction coefficients.

Remark 3.9. The set S defined in (93) contains 25 pairs of integers ðp; qÞ; in other words, corrections at 25 points around the
singularity are required to construct a nearly 10th-order quadrature formula (see Fig. 1). In general, for any integer p P 0,
2p2 þ 2pþ 1 correction nodes are needed to obtain a quadrature of order approximately 2pþ 4.
3.3. Fast numerical application of discretized Lippmann—Schwinger operators

In this section, we combine the approximately 10th-order quadrature formula (91) with the FFT to obtain a fast procedure
for the application of discretizations of the operator (12). We will denote by D the square ½�a; a� � ½�a; a� in R2, where a is a
positive real number.

Suppose that N is a positive integer, h ¼ a=N, and S is the set defined in (93). Suppose further that the coefficients sh
i1 i2

are
defined in (95)—(100). Then, we define a two-dimensional complex sequence H ¼ fHi1 i2g; i1; i2 ¼ �2N; . . . ;2N; as follows:
Hi1 i2 ¼ H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ði1hÞ2 þ ði2hÞ2

q� �
þ sh

i1 i2
=h2

; ð101Þ
when ði1; i2Þ 2 S and ði1; i2Þ – ð0;0Þ;
H00 ¼ sh
00=h2

; ð102Þ
and
Hi1 i2 ¼ H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ði1hÞ2 þ ði2hÞ2

q� �
ð103Þ
otherwise. We define U ¼ fUi1 i2g, i1; i2 ¼ �N; . . . ;N, to be the complex sequence given by the formula
Ui1 i2 ¼ /ði1h; i2hÞ; ð104Þ
where / : R2 ! C is a function such that / 2 C12ðR2Þ and / is zero outside D.

Lemma 3.8. Suppose that N; l1; l2 are integers such that N P 1, �N 6 l1 6 N, �N 6 l2 6 N, and that a; x; y are real numbers
such that a > 0, �a 6 x 6 a, �a 6 y 6 a. Suppose further that / : R2 ! C is a function such that / 2 C12ðR2Þ and / is zero outside
the square ½�a; a� � ½�a; a�. Then, for any k 2 Cþ,
Z a

�a

Z a

�a
/ðx0; y0Þ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2

q� �
dx0dy0 �

X
�N6i16N

X
�N6i26N

Ui1 i2 � Hðl1�i1Þ;ðl2�i2Þ

�����
����� ¼ Oððlogð1=hÞÞ2h10Þ; ð105Þ
Fig. 1. The 25 correction nodes.
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where h ¼ a=N, x ¼ l1h, y ¼ l2h, the two-dimensional sequence U ¼ fUi1 i2g, i1; i2 ¼ �N; . . . ;N is defined in (104), and the two-
dimensional sequence H ¼ fHj1 j2g, j1; j2 ¼ �2N; . . . ;2N is defined in (101)—(103).

Proof. Due to (91) and (92),
Z a

�a

Z a

�a
/ðx0; y0Þ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2

q� �
dx0dy0 �

X
ði1 ;i2Þ2I0

/ði1h; i2hÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1h� i1hÞ2 þ ðl2h� i2hÞ2

q� �
� h2

������
�
X
ðp;qÞ2S

sh
pq/ðl1hþ ph; l2hþ qhÞ

����� ¼ Oððlogð1=hÞÞ2h10Þ; ð106Þ
where
I0 ¼ fi1; i2 2 Z : ji1j 6 N; ji2j 6 N; ði1; i2Þ–ðl1; l2Þg; ð107Þ
and S is defined in (93). Now, (105) follows immediately from the combination of (106) and the definitions in (101)—(104).
h

Remark 3.10. Obviously, the sum in the left-hand side of (105) is the Toeplitz convolution of the two-dimensional
sequences U, H, and as such, it can be rapidly calculated via the FFT (see Section 2.2 above). Thus,
X

�N6i16N

X
�N6i26N

Ui1 i2 � Hðl1�i1Þ;ðl2�i2Þ ¼ ðF
2NÞ�1ðF2NðU0Þ �F2NðHÞÞl1 l2

; ð108Þ
where �N 6 l1 6 N, �N 6 l2 6 N, and the two-dimensional sequence U0 ¼ fU0ijg; i; j ¼ �2N; . . . ;2N; is defined by
U0ij ¼
Uij; if jij 6 N and jjj 6 N;

0; if jij > N or jjj > N:



ð109Þ
Remark 3.11. For any point x outside the square ½�a; a� � ½�a; a�, integral (12) is approximated via the standard trapezoidal
rule. This approximation is 10th-order convergent, as long as w 2 C10ðR2Þ.
4. Description of the procedure

This section describes the algorithm of the present paper in some detail. We start with an informal description, follow
with a more detailed one, and finish with a complexity analysis.

4.1. Informal description of the algorithm

Below, we describe an FFT-based approximately 10th-order iterative algorithm for the solution of the Lippmann—Schw-
inger equation
wðxÞ � k2
Z

D
Gkðx; yÞVðyÞwðyÞdy ¼ k2

Z
D

Gkðx; yÞVðyÞ/ðyÞdy ð110Þ
in two dimensions, where D ¼ ½�a; a� � ½�a; a�, Gk is the Green’s function for the Helmholtz equation in two dimensions, i.e.,
Gkðx; yÞ ¼ � i

4 � H0ðkkx� ykÞ, and VðxÞ denotes the potential at a point x. Here, wðxÞ and /ðxÞ are the scattered and the incident
fields at a point x, respectively.

As discussed in Remark 3.11, once the scattered field w in the domain D is known, the scattered field w outside D can be
calculated via the standard trapezoidal rule applied to (110). Therefore, we focus on obtaining the solution of (110) for x 2 D.
Obviously, (110) can be written as the linear system
ðI � AÞw ¼ A/; ð111Þ
where w is the unknown scattered field in D, / is the given incident field in D, I is the identity operator, and A is the integral
operator in (110). As discussed in Section 3, we use (105) to approximate the integral operator A acting on the functions w, /.
With the help of the FFT (see Remark 3.10), we apply the discretized version of A rapidly to arbitrary vectors, and solve the
linear system (111) iteratively. We use one of the most popular iterative solvers, BI-CGSTAB (the stabilized bi-conjugate gra-
dient method) (see [10,12]).

4.2. Detailed description of the algorithm

Comment [Choose principal parameters.]
Set the size of the scattering structure to ½�a; a� � ½�a; a�.
Set the initial position of a point source to ðx0; y0Þ to generate the incident field.



Table 1
Tenth-order convergence of the algorithm for Gaussian objects.

k N sizeobj Nk Erel Niter tCPU

25 50 8k 6.28 6.33E�06 16 1.2E�01
25 100 8k 12.6 6.63E�09 16 5.9E�01
25 200 8k 25.1 6.04E�12 16 2.6E+00
25 400 8k 50.2 7.25E�13 16 1.1E+01
25 800 8k 100 6.32E�13 16 5.5E+01
25 1600 8k 201 — 16 2.4E+02

Table 2
Gaussian objects with a fixed number of discretization points per wavelength.

k N sizeobj Nk Erel Niter tCPU

25 50 8k 6.28 6.33E�06 14 1.1E�01
50 100 16k 6.28 3.80E�06 20 7.2E�01
100 200 32k 6.28 4.44E�06 33 5.2E+00
200 400 64k 6.28 8.26E�06 61 4.4E+01
400 800 128k 6.28 1.60E�05 171 6.2E+02
800 1600 255k 6.28 — 891 1.4E+04

Table 3
Tenth-order convergence of the algorithm for the simulated human skull.

k N sizeobj Nk Erel Niter tCPU

25 50 8k 6.28 1.18E�04 134 1.1E+00
25 100 8k 12.6 1.91E�07 133 4.7E+00
25 200 8k 25.1 2.05E�10 134 2.1E+01
25 400 8k 50.2 4.56E�12 135 9.7E+01
25 800 8k 100 7.55E�12 132 4.7E+02
25 1600 8k 201 — 132 2.0E+03

Table 4
The simulated human skull with a fixed number of discretization points per wavelength.

k N sizeobj Nk Erel Niter tCPU

25 50 8k 6.28 1.17E�04 97 7.6E�01
50 100 16k 6.28 1.55E�05 165 5.8E+00
100 200 32k 6.28 1.03E�05 328 5.2E+01
200 400 64k 6.28 1.69E�05 756 5.5E+02
400 800 128k 6.28 2.21E�05 3286 1.2E+04
800 1600 255k 6.28 — 13568 2.1E+05
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Fig. 2. The human skull model.
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Choose precision � to be achieved for the iterative solver.
Choose an integer N; set h ¼ a

N; set the number of nodes discretizing a side of the square to 2N þ 1, so that the total num-
ber of nodes in the discretization is N2 ¼ ð2N þ 1Þ2.

Choose the wave number k for the incident and the scattered fields.
Construct a two-dimensional sequence fVijg; i; j ¼ �N; . . . ;N via the formula Vij ¼ Vðih; jhÞ.

Stage 1. Comment [Construct the values of the Green’s function.]
For the user-specified h and k, calculate the correction coefficients D0, D1, D2, D3, D4, D5 in (63)—(68) via interpolation (see

Remark 3.5).
Construct the two-dimensional sequence H via the formulae (101)—(103) on the square ½�2a;2a� � ½�2a;2a�, and

calculate its Fourier transform using the two-dimensional FFT.

Stage 2. Comment [Construct the right-hand side of the linear system (111).]
For a point source ðx0; y0Þ, construct a two-dimensional sequence U ¼ fUijg, i; j ¼ �N; . . . ;N for the discretized incident

field on the domain ½�a; a� � ½�a; a� via the formula (104). Construct the two-dimensional sequence f ¼ fUij � Vijg,
i; j ¼ �N; . . . ;N. (We require V 2 C12ðR2Þ and that V vanishes outside ½�a; a� � ½�a; a�, so that V � / 2 C12ðR2Þ and V � /
vanishes outside ½�a; a� � ½�a; a�.)

As in Remark 3.10, use the two-dimensional FFT to calculate the Toeplitz convolution of the sequences H and f.

Stage 3. Comment [Solve the linear system using iterative solvers.]
Use the iterative solver BI-CGSTAB to solve the linear system ðI � AÞw ¼ A/ to the pre-determined precision �. A is applied

to vectors via the FFT, as in Remark 3.10.
The solution produced by BI-CGSTAB is the scattered field w at the N2 discretization points in the square ½�a; a� � ½�a; a�.

Stage 4. Comment [Calculate the scattered field at any point in the two-dimensional plane.]
Use interpolation to obtain the scattered field at any arbitrary point in the square ½�a; a� � ½�a; a�, based on the scattered

field at the N2 discretization points. As in Remark 3.11, apply the trapezoidal rule to (110) to obtain the scattered field at any
arbitrary point outside the square ½�a; a� � ½�a; a�.
4.3. Complexity analysis

A brief analysis of the complexity of the algorithm is given below.
In Stage 1, the construction of the two-dimensional sequence H costs OðN2Þ, where N2 is the total number of discretization

points on the square ½�a; a� � ½�a; a�, i.e., N2 ¼ ð2N þ 1Þ2. The two-dimensional FFT costs OðN2 logðN2ÞÞ. Thus, the CPU time
cost of Stage 1 is of the order OðN2 logðN2ÞÞ.

In Stage 2, the construction of the two-dimensional sequences U, f costs OðN2Þ, and the two-dimensional FFT costs
OðN2 logðN2ÞÞ. Thus, the CPU time cost of the Stage 2 is of order OðN2 logðN2ÞÞ.

The CPU time cost of Stage 3 is of order OðNiter � N2 logðN2ÞÞ, where Niter is the number of iterations required by the iterative
solver to produce the pre-determined precision �.

In Stage 4, the CPU time cost of interpolating the field at any point in R2 is OðN2Þ.
Summing up the CPU times above, we obtain the time estimate for the algorithm
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Fig. 3. The human skull model viewed from the top.
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T ¼ aðNiter � N2 logðN2ÞÞ þ b � N2 þ c; ð112Þ
where N2 is the total number of discretization points, Niter is the number of iterations required by the iterative solver to reach
the precision �, and the coefficients a; b; c are determined by the computer system, implementation, etc.

The storage (memory) requirements of the algorithm are determined by the total number of discretization points N2 and
the number of iterations Nits performed before restarting the iterative solver, and are of the form
S ¼ OðNits � N2Þ: ð113Þ
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5. Numerical examples

The algorithm of Section 4 has been implemented in FORTRAN 77 in double precision. In this section, we illustrate the
performance of the scheme as applied to two scattering objects: a Gaussian and a crude model of the human skull. The
experiments were carried out on a 2.8 GHz Pentium D desktop with 2 Gb of RAM and an L2 cache of 1 Mb. The calculations
reported in Tables 1 and 3 were carried out with a requested accuracy of 10�13 for the BI-CGSTAB iterations; the calculations
reported in Tables 2 and 4 were carried out with a requested accuracy of 10�9. We restarted the BI-CGSTAB iterations every 5
steps.

Tables 1—4 illustrate the numerical behavior at arbitrary far-field points of the scattered field generated by the potential V
from (3); the incident field is produced by a single point source. In Tables 1 and 2, we set the potential Vðx; yÞ ¼ e�40ðx2þy2Þ.
Tables 3 and 4 illustrate the numerical behavior of the scattered field generated by a model of the human skull. The skull
model is shown in Figs. 2 and 3. The headings of the tables are as follows:

k is the wave number from (2);
N — the computational grid is N � N, for a total of N2 discretization points;
sizeobj — the computational grid is (sizeobj wavelengths) � (sizeobj wavelengths);
Nk is the number of discretization points per wavelength;
Erel is the average of the relative errors of the solution for the scattered field at twenty randomly chosen far-field points
(the errors are estimated as the relative differences between the computed solution and the solution computed using four
times as many discretization points in the domain ½�1;1� � ½�1;1� containing the scatterer);
Niter is the number of iterations used by the BI-CGSTAB;
tCPU is the CPU time required in seconds.

The following observations can be made from the tables above, and from more detailed numerical tests performed by the
authors:

1. For smooth scattering objects, the algorithm of Section 4 displays 10th-order convergence; the CPU time required to
obtain the requested precision is proportional to Niter � N2 log N, where N2 is the total number of discretization points,
and Niter is determined by the requested precision, the number of iterations before restarting the iterative solver, and
the size and structure of the scattering objects.

2. For sufficiently smooth scatterers, the relative precision of the solution is determined by the number of discretization
points per wavelength. For example, to obtain 5-digit precision, we need roughly 6.5 points per wavelength. Thus, with
our constraint of 2 GB of RAM, five digits can be obtained for scattering objects as large as 300 wavelengths � 300
wavelengths.

3. The number of iterations increases dramatically as the size of the scattering object increases, as shown in Tables 2, 4.
Table 5
D0

h2 , D1

h4 , D2

h6 for several real values of k � h.

k � h D0

h2
D1

h4
D2

h6

1 1:00Eþ00� i � 8:92E�01 4:16E�17� i � 3:35E�02 �2:60E�17þ i � 2:16E�02
1
2 1:00Eþ00� i � 1:35Eþ00 1:12E�16� i � 3:15E�02 �7:11E�17þ i � 1:91E�02
1
4 1:00Eþ00� i � 1:79Eþ00 5:20E�17� i � 3:11E�02 �2:95E�17þ i � 1:85E�02
1
8 1:00Eþ00� i � 2:23Eþ00 2:60E�17� i � 3:10E�02 �1:56E�17þ i � 1:84E�02
1

16 1:00Eþ00� i � 2:67Eþ00 9:32E�17� i � 3:09E�02 �6:95E�17þ i � 1:83E�02
1

32 1:00Eþ00� i � 3:11Eþ00 4:23E�17� i � 3:09E�02 �2:65E�17þ i � 1:83E�02
Table 6
D3

h6 , D4

h8 , D5

h8 for several real values of k � h.

k � h D3

h6
D4

h8
D5

h8

1 �1:47E�17� i � 9:68E�03 2:95E�17� i � 1:95E�02 �3:25E�18þ i � 2:56E�03
1
2 3:30E�17� i � 8:88E�03 5:55E�17� i � 1:52E�02 �7:91E�18þ i � 2:10E�03
1
4 1:82E�17� i � 8:69E�03 1:56E�17� i � 1:43E�02 �3:25E�18þ i � 1:99E�03
1
8 9:11E�18� i � 8:65E�03 1:30E�17� i � 1:41E�02 �2:17E�18þ i � 1:97E�03
1

16 2:81E�17� i � 8:64E�03 3:62E�17� i � 1:40E�02 �4:04E�18þ i � 1:96E�03
1

32 1:74E�17� i � 8:63E�03 1:81E�17� i � 1:40E�02 �2:58E�18þ i � 1:96E�03
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6. Conclusions

In this paper, we construct an iterative algorithm for the solution of two-dimensional forward scattering problems. The
scheme is based on the combination of high-order quadrature formulae, rapid numerical application of the integral operator
in the Lippmann—Schwinger equation, and the stabilized bi-conjugate gradient method (BI-CGSTAB). As proven above and
illustrated via several numerical examples, the scheme is nearly ð2pþ 4Þth ðp ¼ 0;1;2;3; . . .Þ order convergent; the compu-
tational complexity of the algorithm is OðNiter � N2 log NÞ, where Niter is the number of iterations used by the iterative solver,
and N2 is the total number of discretization points.

The approach we use for the design of high-order center-corrected quadrature formulae introduced in this paper is not
limited to functions of the form (13) in two dimensions; it is also applicable to functions of the form (14) in three dimen-
sions, for example. Furthermore, the method does not require access to each of the functions P, Q in (13) and (14); it only
requires the evaluation of the whole kernel K given a pair of points ðx; yÞ. Quadrature formulae of order higher than 10
can also be constructed, though the derivations become more tedious. Finally, the scheme is easily extended to rectangular
regions of the form ½�a; a� � ½�b; b�, even though this paper discusses only the square region ½�a; a� � ½�a; a�.
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Appendix A. Lemmas 6.1—6.5 below provide analytical formulae for
Z 1

�1

Z 1

�1
xi�1yj�1H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
dxdy�

X
ðp;qÞ–ð0;0Þ

ðphÞi�1ðqhÞj�1H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �� �
� h2

; ð114Þ
with ði; jÞ ¼ fð3;1Þ; ð5;1Þ; ð3;3Þ; ð7;1Þ; ð5;3Þg. The proofs are straightforward, but tedious; we used the software package
Mathematica for help.

Lemma 6.1. For any k 2 Cþ and h > 0,
D1 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ2 � h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 2

ðia1Þ3ðia2Þ
� h4

2
� e

ia1hðeia1h þ 1Þðeia2h þ 1Þ
ðeia1h � 1Þ3ðeia2h � 1Þ

 !

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 2

a3
1a2ð1þ x1Þ3ð1þ x2Þ

� ða2hÞ2

12
þ 3z1 þ z2 þ 3y2

1 þ
3
2

y1ðia1hÞ
 

þ 3y1y2 þ
3
2

y1ðia2hÞ þ 3
2

y2ðia1hÞ þ x3
1 þ 3x2

1x2 þ x3
1x2 �

1
2

ia2hy2 þ
1
2
a2

1h2ðx2
1 þ 2x1Þ

þ3
4
a1a2h2ðx1x2 þ x1 þ x2Þ þ

1
4

ia2
1a2h3ð1þ x1Þ2ð1þ x2Þ

�
;

ð115Þ
where r, a1, a2, x1, x2, y1, y2, z1, z2 are defined by (85), (86), and (82), (83), (84).

Lemma 6.2. For any k 2 Cþ and h > 0,
D2 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx4dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ4 � h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 24

ðia1Þ5ðia2Þ
� h6

2
� e

ia1h þ 11e2ia1h þ 11e3ia1h þ e4ia1h

ðeia1h � 1Þ5
� e

ia2h þ 1
eia2h � 1

 !

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 1

a5
1a2ð1þ x1Þ5ð1þ x2Þ

� 2ðia2hÞ2 þ ðia2hÞ3 þ 5ðia1hÞðia2hÞ2
�

þ 3
10
ðia2hÞ4 þ 20

3
ðia1hÞ2ðia2hÞ2 þ 5

2
ðia1hÞðia2hÞ3 þ 1

2
ðia1hÞ4ðia2hÞ þ 4x1ðia1hÞ4

þ 45
2

x1ðia1hÞ3ðia2hÞ þ 2x1ðia1hÞ4ðia2hÞ þ 45x2
1ðia1hÞ3 þ 25x2

1ðia1hÞ2ðia2hÞ

þ 6x2
1ðia1hÞ4 þ 45

2
x2

1ðia1hÞ3ðia2hÞ þ 3x2
1ðia1hÞ4ðia2hÞ þ 15x3

1ðia1hÞ3 þ 4x3
1ðia1hÞ4

þ 15
2

x3
1ðia1hÞ3ðia2hÞ þ 2x3

1ðia1hÞ4ðia2hÞ þ x4
1ðia1hÞ4 þ 1

2
x4

1ðia1hÞ4ðia2hÞ
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þ 15
2

x2ðia1hÞ3ðia2hÞ þ 1
2

x2ðia1hÞ4ðia2hÞ þ 50x1x2ðia1hÞ2ðia2hÞ

þ 45
2

x1x2ðia1hÞ3ðia2hÞ þ 2x1x2ðia1hÞ4ðia2hÞ þ 25x2
1x2ðia1hÞ2ðia2hÞ

þ 45
2

x2
1x2ðia1hÞ3ðia2hÞ þ 3x2

1x2ðia1hÞ4ðia2hÞ þ 15
2

x3
1x2ðia1hÞ3ðia2hÞ

þ 2x3
1x2ðia1hÞ4ðia2hÞ þ 1

2
x4

1x2ðia1hÞ4ðia2hÞ þ 12w2ðia2hÞ þ 30z2ðia1hÞðia2hÞ

þ 40y2ðia1hÞ2ðia2hÞ þ 15y1ðia1hÞðia2hÞ2 þ 30y1y2ðia1hÞðia2hÞ � 120u1 � 24u2

� 180w1ðia1hÞ � 60w2ðia1hÞ � 60w1ðia2hÞ � 160z1ðia1hÞ2 � 90z1ðia1hÞðia2hÞ

� 80z2ðia1hÞ2 þ 35y1ðia1hÞ3 � 40y1ðia1hÞ2ðia2hÞ � 130y2
1ðia1hÞ2

� 180y2
1ðia1hÞðia2hÞ � 240y3

1ðia1hÞ � 120y3
1ðia2hÞ � 120y4

1 � 30y2ðia1hÞ3

� 180y1y2ðia1hÞ2 � 360y2
1y2ðia1hÞ � 240y3

1y2 � 20z1ðia2hÞ2 � 240z2
1 � 120z1z2

� 360y2
1ðia1hÞ � 240y3

1 � 120y2
1ðia2hÞ � 240y1y2ðia1hÞ � 240y2

1y2 � 24x5
1 � 120x4

1x2�24x5
1x2
�
; ð116Þ
where
w1 ¼ z1 �
ðia1hÞ3

24
¼
X1
n¼4

ðia1hÞn

ðnþ 1Þ! ; w2 ¼ z2 �
ðia2hÞ3

24
¼
X1
n¼4

ðia2hÞn

ðnþ 1Þ! ; ð117Þ

u1 ¼ w1 �
ðia1hÞ4

120
¼
X1
n¼5

ðia1hÞn

ðnþ 1Þ! ; u2 ¼ w2 �
ðia2hÞ4

120
¼
X1
n¼5

ðia2hÞn

ðnþ 1Þ! ; ð118Þ
and r;a1;a2; x1; x2; y1; y2; z1; z2 are defined by (85), (86) and (82), (83), (84).

Lemma 6.3. For any k 2 Cþ and h > 0,
D3 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx2y2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ2ðqhÞ2 � h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p 4

ðia1Þ3ðia2Þ3
� h6 � e

ia1hðeia1h þ 1Þ
ðeia1h � 1Þ3

� e
ia1hðeia1h þ 1Þ
ðeia1h � 1Þ3

 !

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � �4

a3
1a3

2ð1þ x1Þ3ð1þ x2Þ3
� 1

240
ðia1hÞ4 þ 1

240
ðia2hÞ4

�

þ 3
4

z1ðia1hÞ2 þ 3
4

z2ðia2hÞ2 þ 9
2
ðia1hÞðia2hÞðz1 þ z2Þ

þ 15
4

z1ðia2hÞ2 þ 15
4

z2ðia1hÞ2 � 3
2

y1ðia1hÞ2ðia2hÞ � 3
2

y2ðia1hÞðia2hÞ2

þ 3u1 þ 3u2 þ
9
2

w2ðia1hÞ þ 9
2

w1ðia2hÞ þ 3
2

w1ðia1hÞ þ 3
2

w2ðia2hÞ

� 9
4
ðia1hÞðia2hÞðz1 þ z2Þ þ 3z2

1 þ 3z2
2 þ 9z1z2 �

1
2

y1ðia1hÞ3 � 1
2

y2ðia2hÞ3

� 1
2

y2
1ðia1hÞ2 � 1

2
y2

2ðia2hÞ2 þ 9
4
ðia1hÞðia2hÞð3y1y2 þ

1
6

y1ðia2hÞ þ 1
6

y2ðia1hÞÞ

þ 9
8

y1ðia1hÞ2ðia2hÞ þ 3
8

y1ðia2hÞ3 þ 9
4

y2
1ðia1hÞðia2hÞ þ 9

4
y2

1ðia2hÞ2 þ 3
2

y3
1ðia2hÞ

þ 3
8

y2ðia1hÞ3 þ 9
8

y2ðia1hÞðia2hÞ2 þ 9
4

y1y2ðia1hÞ2 þ 9
4

y1y2ðia2hÞ2

þ 9
2

y2
1y2ðia1hÞ þ 9y2

1y2ðia2hÞ þ 3y3
1y2 þ

9
4

y2
2ðia1hÞ2 þ 9

4
y2

2ðia1hÞðia2hÞ

þ 9y1y2
2ðia1hÞ þ 9

2
y1y2

2ðia2hÞ þ 9y2
1y2

2 þ
3
2

y3
2ðia1hÞ þ 3y1y3

2
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� 1
4
ðia1hÞ2ðia2hÞ2ð2x1 þ x2

1 þ 2x2 þ 4x1x2 þ 2x2
1x2 þ x2

2 þ 2x1x2
2 þ x2

1x2
2Þ

þ 3
2

y2
1ðia1hÞ þ y3

1 þ
3
2

y2
2ðia2hÞ þ y3

2 þ
9
2

y2
1ðia2hÞ þ 9y1y2ðia1hþ ia2hÞ

þ 9y2
1y2 þ

9
2

y2
2ðia1hÞ þ 9y1y2

2 �
3
4
ðia1hÞ2ðia2hÞðx2

1 þ 2x1x2 þ x2
1x2Þ

�3
4
ðia1hÞðia2hÞ2ðx2

2 þ 2x1x2 þ x1x2
2Þ þ 3x3

1x2
2 þ 3x2

1x3
2 þ x3

1x3
2

�
; ð119Þ
where r, a1, a2, x1, x2, y1, y2, z1, z2, w1, w2, u1, u2 are defined by (85), (86), (82), (83), (84), (117) and (118).

Lemma 6.4. For any k 2 Cþ and h > 0,
D4 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx6dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ6 � h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 720
a7

1a2
� h8

2
� e

ia1h þ 57e2ia1h þ 302e3ia1h þ 302e4ia1h þ 57e5ia1h þ e6ia1h

ðeia1h � 1Þ7
� e

ia2h þ 1
eia2h � 1

 !

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 1

a7
1a2ð1þ x1Þ7ð1þ x2Þ

� ðAþ BÞ;

ð120Þ
where
A ¼ 60ða2hÞ2 � 30ðia2hÞ3 � 210ðia1hÞðia2hÞ2 � 9ða2hÞ4 � 105ða1hÞða2hÞ3

� 385ða1hÞ2ða2hÞ2 þ 37800y2
1ðia1hÞ þ 25200y3

1 þ 7560y2
1ðia2hÞ

þ 15120y1y2ðia1hÞ þ 15120y2
1y2 þ 15120x5

1 þ 5040x6
1 þ 720x7

1 þ 25200x4
1x2

þ 15120x5
1x2 þ 5040x6

1x2 þ 720x7
1x2 þ 5040u1 þ 720u2 þ 12600w1ðia1hÞ

� 360w2ðia2hÞ þ 2520w2ðia1hÞ þ 2520w1ðia2hÞ � 17220ða1hÞ2z1

þ 6300z1ðia1hÞðia2hÞ þ 1260z2ða1hÞða2hÞ � 4620ða1hÞ2z2 þ 15120z2
1

þ 2940y1ðia1hÞ3 � 6090y1ða1hÞ2ðia2hÞ � 34440y2
1ða1hÞ2 � 18900y2

1ða1hÞða2hÞ

þ 50400y3
1ðia1hÞ þ 12600y3

1ðia2hÞ þ 25200y4
1 þ 3150y2ðia1hÞ3

� 18900y1y2ða1hÞ2 þ 37800y2
1y2ðia1hÞ þ 25200y3

1y2 � 840z1ða2hÞ2 þ 5040z1z2

þ 2310y2ða1hÞ2ðia2hÞ þ 630y1ðia1hÞða2hÞ2 þ 1260y1y2ða1hÞða2hÞ

� 63ðia1hÞ5 � 301ðia1hÞ4ðia2hÞ þ ða1hÞ6 þ 63
2
ða1hÞ5ða2hÞ þ 1

2
ða1hÞ6ðia2hÞ

� 2408x1ða1hÞ4 � 3150x1ða1hÞ3ða2hÞ � 315x1ðia1hÞ5 � 1204x1ðia1hÞ4ðia2hÞ

þ 6x1ða1hÞ6 þ 315
2

x1ða1hÞ5ða2hÞ þ 3x1ða1hÞ6ðia2hÞ � 6300x2
1ðia1hÞ3

þ 1680x2
1ða1hÞ2ðia2hÞ � 3612x2

1ða1hÞ4 � 3150x2
1ða1hÞ3ða2hÞ � 630x2

1ðia1hÞ5

� 1806x2
1ðia1hÞ4ðia2hÞ þ 15x2

1ða1hÞ6 þ 315x2
1ða1hÞ5ða2hÞ þ 15

2
x2

1ða1hÞ6ðia2hÞ;

ð121Þ

B ¼ �2100x3
1ðia1hÞ3 � 2408x3

1ða1hÞ4 � 1050x3
1ða1hÞ3ða2hÞ � 630x3

1ðia1hÞ5

� 1204x3
1ðia1hÞ4ðia2hÞ þ 20x3

1ða1hÞ6 þ 315x3
1ða1hÞ5ða2hÞ þ 10x3

1ða1hÞ6ðia2hÞ
� 602x4

1ða1hÞ4 � 315x4
1ðia1hÞ5 � 301x4

1ðia1hÞ4ðia2hÞ þ 15x4
1ða1hÞ6

þ 315
2

x4
1ða1hÞ5ða2hÞ þ 15

2
x4

1ða1hÞ6ðia2hÞ � 63x5
1ðia1hÞ5 þ 6x5

1ða1hÞ6

þ 63
2

x5
1ða1hÞ5ða2hÞ þ 3x5

1ða1hÞ6ðia2hÞ þ x6
1ða1hÞ6 þ 1

2
x6

1ða1hÞ6ðia2hÞ

� 1050x2ða1hÞ3ða2hÞ � 301x2ða1hÞ4ðia2hÞ þ 63
2

x2ða1hÞ5ða2hÞ

þ 1
2

x2ða1hÞ6ðia2hÞ þ 3360x1x2ða1hÞ2ðia2hÞ � 3150x1x2ða1hÞ3ða2hÞ

� 1204x1x2ða1hÞ4ðia2hÞ þ 315
2

x1x2ða1hÞ5ða2hÞ þ 3x1x2ða1hÞ6ðia2hÞ
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þ 1680x2
1x2ða1hÞ2ðia2hÞ � 3150x2

1x2ða1hÞ3ða2hÞ � 1806x2
1x2ða1hÞ4ðia2hÞ

þ 315x2
1x2ða1hÞ5ða2hÞ þ 15

2
x2

1x2ða1hÞ6ðia2hÞ � 1050x3
1x2ða1hÞ3ða2hÞ

� 1204x3
1x2ða1hÞ4ðia2hÞ þ 315x3

1x2ða1hÞ5ða2hÞ þ 10x3
1x2ða1hÞ6ðia2hÞ

� 301x4
1x2ða1hÞ4ðia2hÞ þ 315

2
x4

1x2ða1hÞ5ða2hÞ þ 15
2

x4
1x2ða1hÞ6ðia2hÞ

þ 63
2

x5
1x2ða1hÞ5ða2hÞ þ 3x5

1x2ða1hÞ6ðia2hÞ þ 1
2

x6
1x2ða1hÞ6ðia2hÞ; ð122Þ
and where r, a1, a2, x1, x2, y1, y2, z1, z2, w1, w2, u1, u2 are defined by (85), (86), (82), (83), (84), (117) and (118).

Lemma 6.5. For any k 2 Cþ and h > 0,
D5 ¼
Z 1

�1

Z 1

�1
H0ðkrÞx4y2dxdy�

X
ðp;qÞ–ð0;0Þ

H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �
� ðphÞ4ðqhÞ2 � h2

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 48
a5

1a3
2

� h8 � e
ia1h þ 11e2ia1h þ 11e3ia1h þ e4ia1h

ðeia1h � 1Þ5

 
� e

ia2h � ðeia2h þ 1Þ
ðeia2h � 1Þ3

!

¼ 4
p

Z 1

�1

dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

p � 1

a5
1a3

2ð1þ x1Þ5ð1þ x2Þ3
� ðC þ DÞ;

ð123Þ
where
C ¼ 1
5
ða2hÞ4 þ 240u1 þ 360w1ðia1hÞ þ 144u2 þ 360w2ðia1hÞ þ 360w1ðia2hÞ

þ 72w2ðia2hÞ � 320z1ða1hÞ2 � 540z1ða1hÞða2hÞ � 480z2ða1hÞ2

� 300z1ða2hÞ2 � 180z2ða1hÞða2hÞ � 36z2ða2hÞ2 þ 480z2
1 þ 720z1z2 þ 144z2

2

� 70y1ðia1hÞ3 � 240y1ða1hÞ2ðia2hÞ � 210y1ðia1hÞða2hÞ2

þ 30y1ðia2hÞ3 � 260y2
1ða1hÞ2 � 1080y2

1ða1hÞða2hÞ � 360y2
1ða2hÞ2

þ 480y3
1ðia1hÞ þ 720y3

1ðia2hÞ þ 240y4
1 þ 180y2ðia1hÞ3 þ 120y2ðia1hÞ2ðia2hÞ

þ 30y2ðia1hÞða2hÞ2 � 1080y1y2ða1hÞ2 � 1260y1y2ða1hÞða2hÞ

� 180y1y2ða2hÞ2 þ 2160y2
1y2ðia1hÞ þ 1440y2

1y2ðia2hÞ þ 1440y3
1y2 � 360y2

2ða1hÞ2

� 180y2
2ða1hÞða2hÞ þ 1440y1y2

2ðia1hÞ þ 360y1y2
2ðia2hÞ þ 1440y2

1y2
2 þ 120y3

2ðia1hÞ
þ 240y1y3

2 þ 720y2
1ðia1hÞ þ 480y3

1 þ 720y2
1ðia2hÞ þ 1440y1y2ðia1hÞ þ 1440y2

1y2

þ 720y1y2ðia2hÞ þ 360y2
2ðia1hÞ þ 720y1y2

2 þ 72y2
2ðia2hÞ þ 48y3

2 þ 48x5
1 þ 720x4

1x2

þ 144x5
1x2 þ 1440x3

1x2
2 þ 720x4

1x2
2 þ 144x5

1x2
2 þ 480x2

1x3
2 þ 480x3

1x3
2 þ 240x4

1x3
2

þ 48x5
1x3

2 � 24y2ðia2hÞ3 þ 24y2
2ða2hÞ2 � 3ðia1hÞ4ðia2hÞ � 15ðia1hÞ3ðia2hÞ2

þ ða1hÞ4ða2hÞ2 � 8x1ða1hÞ4 � 135x1ða1hÞ3ða2hÞ � 100x1ða1hÞ2ða2hÞ2

� 12x1ða1hÞ4ðia2hÞ � 45x1ðia1hÞ3ðia2hÞ2 þ 4x1ða1hÞ4ða2hÞ2 � 90x2
1ðia1hÞ3

� 150x2
1ðia1hÞ2ðia2hÞ � 12x2

1ða1hÞ4 � 135x2
1ða1hÞ3ða2hÞ � 50x2

1ða1hÞ2ða2hÞ2

� 18x2
1ða1hÞ4ðia2hÞ � 45x2

1ðia1hÞ3ðia2hÞ2 þ 6x2
1ða1hÞ4ða2hÞ2 � 30x3

1ðia1hÞ3

� 8x3
1ða1hÞ4 � 45x3

1ða1hÞ3ða2hÞ � 12x3
1ða1hÞ4ðia2hÞ � 15x3

1ðia1hÞ3ðia2hÞ2

þ 4x3
1ða1hÞ4ða2hÞ2 � 2x4

1ða1hÞ4 � 3x4
1ða1hÞ4ðia2hÞ þ x4

1ða1hÞ4ða2hÞ2

� 45x2ða1hÞ3ða2hÞ � 100x2ða1hÞ2ða2hÞ2 � 3x2ða1hÞ4ðia2hÞ

� 30x2ðia1hÞ3ðia2hÞ2 þ 2x2ða1hÞ4ða2hÞ2 þ 300x1x2ða1hÞ2ðia2hÞ

þ 120x1x2ðia1hÞða2hÞ2 � 135x1x2ða1hÞ3ða2hÞ � 200x1x2ða1hÞ2ða2hÞ2

� 12x1x2ða1hÞ4ðia2hÞ � 90x1x2ðia1hÞ3ðia2hÞ2 þ 8x1x2ða1hÞ4ða2hÞ2

þ 150x2
1x2ða1hÞ2ðia2hÞ � 135x2

1x2ða1hÞ3ða2hÞ � 100x2
1x2ða1hÞ2ða2hÞ2

� 18x2
1x2ða1hÞ4ðia2hÞ � 90x2

1x2ðia1hÞ3ðia2hÞ2 þ 12x2
1x2ða1hÞ4ða2hÞ2;

ð124Þ
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D ¼ �45x3
1x2ða1hÞ3ða2hÞ � 12x3

1x2ða1hÞ4ðia2hÞ � 30x3
1x2ðia1hÞ3ðia2hÞ2

þ 8x3
1x2ða1hÞ4ða2hÞ2 � 3x4

1x2ða1hÞ4ðia2hÞ þ 2x4
1x2ða1hÞ4ða2hÞ2

þ 60x2
2ðia1hÞða2hÞ2 � 50x2

2ða1hÞ2ða2hÞ2 � 15x2
2ðia1hÞ3ðia2hÞ2

þ x2
2ða1hÞ4ða2hÞ2 þ 60x1x2

2ðia1hÞða2hÞ2 � 100x1x2
2ða1hÞ2ða2hÞ2

� 45x1x2
2ðia1hÞ3ðia2hÞ2 þ 4x1x2

2ða1hÞ4ða2hÞ2 � 50x2
1x2

2ða1hÞ2ða2hÞ2

� 45x2
1x2

2ðia1hÞ3ðia2hÞ2 þ 6x2
1x2

2ða1hÞ4ða2hÞ2 � 15x3
1x2

2ðia1hÞ3ðia2hÞ2

þ 4x3
1x2

2ða1hÞ4ða2hÞ2 þ x4
1x2

2ða1hÞ4ða2hÞ2;

ð125Þ
where r, a1, a2, x1, x2, y1, y2, z1, z2, w1, w2, u1, u2 are defined by (85), (86), (82), (83), (84), (117) and (118).
Appendix B. Fig. 4 provides plots of the functions D0

h2 , D1

h4 , D2

h6 , D3

h6 , D4

h8 , D5

h8 for k � h 2 ½0;1�. Tables 5 and 6 provide numerical
values of D0

h2 , D1

h4 , D2

h6 , D3

h6 , D4

h8 , D5

h8 for the values of k � h used in the numerical examples of Section 5. The values of D0

h2 , D1

h4 , D2

h6 , D3

h6 , D4

h8 , D5

h8

were calculated via interpolation in double precision, as described in Remark 3.5.
Appendix C. Here, we present center-corrected quadrature formulae of orders approximately 4, 6, and 8 for the integral
Z a

�a

Z a

�a
/ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
dxdy: ð126Þ
Lemma 6.6. (� 4th-order center-corrected quadrature formula) Suppose that a is a positive real number, and / : R2 ! C is a
function such that / 2 C6ðR� RÞ and / is zero outside the square ½�a; a� � ½�a; a�.

Then, for any k 2 Cþ,
Z a

�a

Z a

�a
/ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
dxdy� Uh

a;s /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	����
���� ¼ Oððlogð1=hÞÞ2h4Þ ð127Þ
for all positive real numbers h < a=p. In (127),
Uh
a;s /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼ Th

a /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
þ
X
p;q2S

sh
pq/ðph; qhÞ; ð128Þ
where
S ¼ fp; q 2 Z : p ¼ 0 and q ¼ 0g; ð129Þ

Th
a /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼

X
ðp;qÞ–ð0;0Þ

/ðph; qhÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �� �
� h2

; ð130Þ
and
sh
00 ¼ D0: ð131Þ
Lemma 6.7. (� 6th-order center-corrected quadrature formula) Suppose that a is a positive real number, and / : R2 ! C is a
function such that / 2 C8ðR� RÞ and / is zero outside the square ½�a; a� � ½�a; a�.

Then, for any k 2 Cþ,
Z a

�a

Z a

�a
/ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
dxdy� Uh

a;s /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	����
���� ¼ Oððlogð1=hÞÞ2h6Þ ð132Þ
for all positive real numbers h < a=p. In (132),
Uh
a;s /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼ Th

a /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
þ
X
p;q2S

sh
pq/ðph; qhÞ; ð133Þ
where
S ¼ fp; q 2 Z : jpþ qj 6 1 and jp� qj 6 1g; ð134Þ

Th
a /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼

X
ðp;qÞ–ð0;0Þ

/ðph; qhÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �� �
� h2

; ð135Þ
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and
sh
0;0 ¼ D0 � 2

D1

h2 ; ð136Þ

sh
�1;0 ¼ sh

0;�1 ¼
1
2

D1

h2 : ð137Þ
Lemma 6.8. (� 8th-order center-corrected quadrature formula) Suppose that a is a positive real number, and / : R2 ! C is a
function such that / 2 C10ðR� RÞ and / is zero outside the square ½�a; a� � ½�a; a�. Then, for any k 2 Cþ,
Z a

�a

Z a

�a
/ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	
dxdy� Uh

a;s /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	����
���� ¼ Oððlogð1=hÞÞ2h8Þ ð138Þ
for all positive real numbers h < a=p. In (138),
Uh
a;s /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼ Th

a /ðx; yÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
þ
X
p;q2S

sh
pq/ðph; qhÞ; ð139Þ
where
S ¼ fp; q 2 Z : jpþ qj 6 2andjp� qj 6 2g; ð140Þ

Th
a /ðx; yÞ � H0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� 	� 	
¼

X
ðp;qÞ–ð0;0Þ

/ðph; qhÞ � H0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðphÞ2 þ ðqhÞ2

q� �� �
� h2

; ð141Þ
and
sh
0;0 ¼ D0 �

5
2

D1

h2 þ
1
2

D2

h4 þ
D3

h4 ; ð142Þ

sh
�1;0 ¼ sh

0;�1 ¼
2
3

D1

h2 �
1
6

D2

h4 �
1
2

D3

h4 ; ð143Þ

sh
�2;0 ¼ sh

0;�2 ¼ �
1

24
D1

h2 þ
1

24
D2

h4 ; ð144Þ

sh
�1;�1 ¼

1
4

D3

h4 : ð145Þ
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